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A singularly perturbed Dirichlet problem for the Poisson equation in
a periodically perforated domain. A functional analytic approach
Paolo Musolino
Abstract: Let Ω be a sufficiently regular bounded open connected subset of Rn such that 0 ∈ Ω and that
Rn \ clΩ is connected. Then we take (q11, . . . , qnn) ∈]0,+∞[
n and p ∈ Q ≡
∏n
j=1]0, qjj [. If ǫ is a small positive
number, then we define the periodically perforated domain S[Ωp,ǫ]
− ≡ Rn \ ∪z∈Zncl
(
p+ ǫΩ+
∑n
j=1(qjjzj)ej
)
,
where {e1, . . . , en} is the canonical basis of R
n. For ǫ small and positive, we introduce a particular Dirichlet
problem for the Poisson equation in the set S[Ωp,ǫ]
−. Namely, we consider a Dirichlet condition on the boundary
of the set p + ǫΩ, together with a periodicity condition. Then we show real analytic continuation properties
of the solution as a function of ǫ, of the Dirichlet datum on p + ǫ∂Ω, and of the Poisson datum, around a
degenerate triple with ǫ = 0.
Keywords: Dirichlet problem; singularly perturbed domain; Poisson equation; periodically perforated do-
main; real analytic continuation in Banach space
MSC: 35J25; 31B10; 45A05; 47H30
1 Introduction
In this article, we consider a Dirichlet problem for the Poisson equation in a periodically perforated domain
with small holes. We fix once for all a natural number
n ∈ N \ {0, 1}
and
(q11, . . . , qnn) ∈]0,+∞[
n
and a periodicity cell
Q ≡ Πnj=1]0, qjj [ .
Then we denote by meas(Q) the measure of the fundamental cell Q, and by νQ the outward unit normal to
∂Q, where it exists. We denote by q the n×n diagonal matrix defined by q ≡ (δi,jqjj)i,j=1,...,n, where δi,j = 1
if i = j and δi,j = 0 if i 6= j, for all i, j ∈ {1, . . . , n}. Clearly, qZ
n ≡ {qz : z ∈ Zn} is the set of vertices of
a periodic subdivision of Rn corresponding to the fundamental cell Q. Let m ∈ N \ {0}, α ∈]0, 1[. Then we
take a point p ∈ Q and a bounded open connected subset Ω of Rn of class Cm,α such that Ω− ≡ Rn \ clΩ is
connected and that 0 ∈ Ω. Here ‘cl’ denotes the closure. If ǫ ∈ R, then we set
Ωp,ǫ ≡ p+ ǫΩ .
Then we take ǫ0 > 0 such that clΩp,ǫ ⊆ Q for |ǫ| < ǫ0, and we introduce the periodically perforated domain
S[Ωp,ǫ]
− ≡ Rn \
⋃
z∈Zn
cl(Ωp,ǫ + qz) ,
for ǫ ∈] − ǫ0, ǫ0[. Let ρ > 0. Next we fix a function g0 in the Schauder space C
m,α(∂Ω) and a function f0 in
the Roumieu class C0q,ω,ρ(R
n)0 of real analytic periodic functions with vanishing integral on Q (see (2.1) and
(2.3) in Section 2.) For each triple (ǫ, g, f) ∈]0, ǫ0[×C
m,α(∂Ω)×C0q,ω,ρ(R
n)0 we consider the Dirichlet problem

∆u(x) = f(x) ∀x ∈ S[Ωp,ǫ]
− ,
u(x+ qej) = u(x) ∀x ∈ clS[Ωp,ǫ]
− , ∀j ∈ {1, . . . , n} ,
u(x) = g
(
(x− p)/ǫ
)
∀x ∈ ∂Ωp,ǫ ,
(1.1)
where {e1, . . . , en} is the canonical basis of R
n. If (ǫ, g, f) ∈]0, ǫ0[×C
m,α(∂Ω) × C0q,ω,ρ(R
n)0, then problem
(1.1) has a unique solution in Cm,α(clS[Ωp,ǫ]
−), and we denote it by u[ǫ, g, f ](·) (cf. Proposition 2.2.)
Then we pose the following questions.
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(i) Let x be fixed in Rn \ (p + qZn). What can be said on the map (ǫ, g, f) 7→ u[ǫ, g, f ](x) when (ǫ, g, f)
approaches (0, g0, f0)?
(ii) What can be said on the map (ǫ, g, f) 7→
∫
Q\clΩp,ǫ
|Dxu[ǫ, g, f ](x)|
2 dx when (ǫ, g, f) approaches (0, g0, f0)?
(iii) What can be said on the map (ǫ, g, f) 7→
∫
Q\clΩp,ǫ
u[ǫ, g, f ](x) dx when (ǫ, g, f) approaches (0, g0, f0)?
Questions of this type have long been investigated with the methods of Asymptotic Analysis, which aim at
computing, for example, an asymptotic expansion of the value of the solution at a fixed point in terms of the
parameter ǫ. Here, we mention, e.g., Ammari and Kang [1, Ch. 5], Kozlov, Maz’ya, and Movchan [13], Maz’ya,
Nazarov, and Plamenewskij [26], Ozawa [30], Ward and Keller [36]. We also mention the vast literature of
Calculus of Variations and of Homogenization Theory, where the interest is focused on the limiting behaviour
as the singular perturbation parameter degenerates (cf. e.g., Cioranescu and Murat [4, 5].)
Here instead we wish to characterize the behaviour of u[ǫ, g, f ](·) at (ǫ, g, f) = (0, g0, f0) by a different
approach. Thus for example, if we consider a certain function, say F (ǫ, g, f), relative to the solution such
as, for example, one of those considered in questions (i)–(iii) above, we would try to prove that F (·, ·, ·)
can be continued real analytically around (ǫ, g, f) = (0, g0, f0). We observe that our approach does have its
advantages. Indeed, if we know that F (ǫ, g, f) equals, for ǫ > 0, a real analytic operator of the variable (ǫ, g, f)
defined on a whole neighborhood of (0, g0, f0), then, for example, we could infer the existence of a sequence of
real numbers {aj}
∞
j=0 and of a positive real number ǫ
′ ∈]0, ǫ0[ such that
F (ǫ, g0, f0) =
∞∑
j=0
ajǫ
j ∀ǫ ∈]0, ǫ′[ ,
where the power series in the right hand side converges absolutely on the whole of ] − ǫ′, ǫ′[. Such a project
has been carried out by Lanza de Cristoforis in several papers for problems in a bounded domain with a small
hole (cf. e.g., Lanza [16, 17, 20, 21].) In the frame of linearized elastostatics, we mention, e.g., Dalla Riva
and Lanza [7, 8], and for a boundary value problem for the Stokes system in a singularly perturbed exterior
domain we refer to Dalla Riva [6]. Instead, for periodic problems, we mention [24, 29], where Dirichlet and
nonlinear Robin problems for the Laplace equation have been considered.
As far as problems in periodically perforated domains are concerned, we mention, for instance, Ammari
and Kang [1, Ch. 8]. We also observe that boundary value problems in domains with periodic inclusions can
be analysed, at least for the two dimensional case, with the method of functional equations. Here we mention,
e.g., Castro and Pesetskaya [2], Castro, Pesetskaya, and Rogosin [3], Drygas and Mityushev [10], Mityushev
and Adler [28], Rogosin, Dubatovskaya, and Pesetskaya [34]. In connection with doubly periodic problems for
composite materials, we mention the monograph of Grigolyuk and Fil’shtinskij [12].
We now briefly outline our strategy. By means of a periodic analog of the Newtonian potential, we can
convert problem (1.1) into an auxiliary Dirichlet problem for the Laplace equation. Next we analyze the
dependence of the solution of the auxiliary problem upon the triple (ǫ, g, f) by exploiting the results of [29]
on the homogeneous Dirichlet problem and of Lanza [18] on the Newtonian potential in the Roumieu classes,
and then we deduce the representation of u[ǫ, g, f ](·) in terms of ǫ, g, and f , and we prove our main results.
This article is organized as follows. Section 2 is a section of preliminaries. In Section 3, we formulate the
auxiliary Dirichlet problem for the Laplace equation and we show that the solutions of the auxiliary problem
depend real analytically on ǫ, g, and f . In Section 4, we show that the results of Section 3 can be exploited
to prove Theorem 4.1 on the representation of u[ǫ, g, f ](·), Theorems 4.2 and 4.4 on the representation of the
energy integral and of the integral of the solution, respectively. At the end of the paper, we have included
an Appendix on a slight variant of a result on composition operators of Preciso (cf. Preciso [31, Prop. 4.2.16,
p. 51], Preciso [32, Prop. 1.1, p. 101]), which belongs to a different flow of ideas and which accordingly we
prefer to discuss separately.
2 Notation and preliminaries
We denote the norm on a normed space X by ‖ · ‖X . Let X and Y be normed spaces. We endow the space
X ×Y with the norm defined by ‖(x, y)‖X×Y ≡ ‖x‖X +‖y‖Y for all (x, y) ∈ X ×Y, while we use the Euclidean
norm for Rn. For standard definitions of Calculus in normed spaces, we refer to Prodi and Ambrosetti [33].
The symbol N denotes the set of natural numbers including 0. A dot “·” denotes the inner product in Rn. Let
A be a matrix. Then Aij denotes the (i, j)–entry of A, and the inverse of the matrix A is denoted by A
−1.
Let D ⊆ Rn. Then clD denotes the closure of D and ∂D denotes the boundary of D. For all R > 0, x ∈ Rn,
xj denotes the j–th coordinate of x, |x| denotes the Euclidean modulus of x in R
n, and Bn(x,R) denotes the
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ball {y ∈ Rn : |x− y| < R}. Let Ω be an open subset of Rn. The space of m times continuously differentiable
real-valued functions on Ω is denoted by Cm(Ω,R), or more simply by Cm(Ω). D(Ω) denotes the space of
functions of C∞(Ω) with compact support. The dual D′(Ω) denotes the space of distributions in Ω. Let
r ∈ N \ {0}. Let f ∈ (Cm(Ω))
r
. The s–th component of f is denoted fs, and Df denotes the Jacobian matrix(
∂fs
∂xl
)
s=1,...,r,
l=1,...,n
. Let η ≡ (η1, . . . , ηn) ∈ N
n, |η| ≡ η1 + · · ·+ ηn. Then D
ηf denotes ∂
|η|f
∂x
η1
1
...∂x
ηn
n
. The subspace of
Cm(Ω) of those functions f whose derivatives Dηf of order |η| ≤ m can be extended with continuity to clΩ
is denoted Cm(clΩ). The subspace of Cm(clΩ) whose functions have m–th order derivatives that are Ho¨lder
continuous with exponent α ∈]0, 1] is denoted Cm,α(clΩ) (cf. e.g., Gilbarg and Trudinger [11].) The subspace
of Cm(clΩ) of those functions f such that f|cl(Ω∩Bn(0,R)) ∈ C
m,α(cl(Ω∩Bn(0, R))) for all R ∈]0,+∞[ is denoted
Cm,αloc (clΩ). Let D ⊆ R
r. Then Cm,α(clΩ,D) denotes {f ∈ (Cm,α(clΩ))
r
: f(clΩ) ⊆ D}.
Now let Ω be a bounded open subset of Rn. Then Cm(clΩ) and Cm,α(clΩ) are endowed with their usual
norm and are well known to be Banach spaces (cf. e.g., Troianiello [35, §1.2.1].) We say that a bounded open
subset Ω of Rn is of class Cm or of class Cm,α, if its closure is a manifold with boundary imbedded in Rn of
class Cm or Cm,α, respectively (cf. e.g., Gilbarg and Trudinger [11, §6.2].) We denote by νΩ the outward unit
normal to ∂Ω. For standard properties of functions in Schauder spaces, we refer the reader to Gilbarg and
Trudinger [11] and to Troianiello [35] (see also Lanza [14, §2, Lem. 3.1, 4.26, Thm. 4.28], Lanza and Rossi [25,
§2].)
If M is a manifold imbedded in Rn of class Cm,α, with m ≥ 1, α ∈]0, 1], one can define the Schauder spaces
also on M by exploiting the local parametrizations. In particular, one can consider the spaces Ck,α(∂Ω) on
∂Ω for 0 ≤ k ≤ m with Ω a bounded open set of class Cm,α, and the trace operator of Ck,α(clΩ) to Ck,α(∂Ω)
is linear and continuous. We denote by dσ the area element of a manifold imbedded in Rn.
We note that throughout the paper “analytic” means “real analytic”. For the definition and properties
of real analytic operators, we refer to Prodi and Ambrosetti [33, p. 89]. In particular, we mention that the
pointwise product in Schauder spaces is bilinear and continuous, and thus analytic (cf. e.g., Lanza and Rossi
[25, p. 141].)
For all bounded open subsets Ω of Rn and ρ > 0, we set
C0ω,ρ(clΩ) ≡
{
u ∈ C∞(clΩ): sup
β∈Nn
ρ|β|
|β|!
‖Dβu‖C0(clΩ) < +∞
}
,
and
‖u‖C0ω,ρ(clΩ) ≡ sup
β∈Nn
ρ|β|
|β|!
‖Dβu‖C0(clΩ) ∀u ∈ C
0
ω,ρ(clΩ) ,
where |β| ≡ β1 + · · ·+ βn, for all β ≡ (β1, . . . , βn) ∈ N
n. As is well known, the Roumieu class
(
C0ω,ρ(clΩ), ‖ ·
‖C0ω,ρ(clΩ)
)
is a Banach space.
A straightforward computation based on the inequality
(
β
α
)
≤
(|β|
|α|
)
, which holds for α, β ∈ Nn, 0 ≤ α ≤ β,
shows that the pointwise product is bilinear and continuous from
(
C0ω,ρ(clΩ)
)2
to C0ω,ρ′(clΩ) for all ρ
′ ∈]0, ρ[.
Let D ⊆ Rn be such that qz +D ⊆ D for all z ∈ Zn. We say that a function f from D to R is q–periodic if
f(x+ qej) = f(x) for all x ∈ D and for all j ∈ {1, . . . , n}. If k ∈ N, then we set
Ckq (R
n) ≡ {u ∈ Ck(Rn) : u is q − periodic} .
We also set
C∞q (R
n) ≡ {u ∈ C∞(Rn) : u is q − periodic} .
Similarly, if ρ > 0, we set
C0q,ω,ρ(R
n) ≡
{
u ∈ C∞q (R
n) : sup
β∈Nn
ρ|β|
|β|!
‖Dβu‖C0(clQ) < +∞
}
, (2.1)
and
‖u‖C0q,ω,ρ(Rn) ≡ sup
β∈Nn
ρ|β|
|β|!
‖Dβu‖C0(clQ) ∀u ∈ C
0
q,ω,ρ(R
n) .
As can be easily seen, the periodic Roumieu class
(
C0q,ω,ρ(R
n), ‖ · ‖C0q,ω,ρ(Rn)
)
is a Banach space. Obviously,
the restriction operator from C0q,ω,ρ(R
n) to C0ω,ρ(clD) is linear and continuous for all bounded open subsets D
of Rn and ρ > 0. Similarly, if ρ > 0, if D is a bounded open subset of Rn such that clQ ⊆ D, and if f ∈ C0q (R
n)
is such that f|clD ∈ C
0
ω,ρ(clD), then clearly f ∈ C
0
q,ω,ρ(R
n).
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If Ω is an open subset of Rn, k ∈ N, β ∈]0, 1], we set
Ck,βb (clΩ) ≡ {u ∈ C
k,β(clΩ) : Dγu is bounded ∀γ ∈ Nn such that |γ| ≤ k} ,
and we endow Ck,βb (clΩ) with its usual norm
‖u‖
C
k,β
b
(clΩ) ≡
∑
|γ|≤k
sup
x∈clΩ
|Dγu(x)|+
∑
|γ|=k
|Dγu : clΩ|β ∀u ∈ C
k,β
b (clΩ) ,
where |Dγu : clΩ|β denotes the β-Ho¨lder constant of D
γu.
Next we turn to periodic domains. If I is an arbitrary subset of Rn such that clI ⊆ Q, then we set
S[I] ≡
⋃
z∈Zn
(qz + I) = qZn + I , S[I]− ≡ Rn \ clS[I] .
We note that if Rn \ clI is connected, then S[I]− is connected.
If I is an open subset of Rn such that clI ⊆ Q and if k ∈ N, β ∈]0, 1], then we set
Ck,βq (clS[I]) ≡
{
u ∈ Ck,βb (clS[I]) : u is q − periodic
}
,
which we regard as a Banach subspace of Ck,βb (clS[I]), and
Ck,βq (clS[I]
−) ≡
{
u ∈ Ck,βb (clS[I]
−) : u is q − periodic
}
,
which we regard as a Banach subspace of Ck,βb (clS[I]
−).
The Laplace operator is well known to have a {0}-analog of a q-periodic fundamental solution, i.e., a
q-periodic tempered distribution Sq,n such that
∆Sq,n =
∑
z∈Zn
δqz −
1
meas(Q)
,
where δqz denotes the Dirac measure with mass in qz (cf. e.g., [22, §3].) As is well known, Sq,n is determined
up to an additive constant, and we can take
Sq,n(x) = −
∑
z∈Zn\{0}
1
meas(Q)4π2|q−1z|2
e2πi(q
−1z)·x in D′(Rn)
(cf. e.g., Ammari and Kang [1, p. 53], [22, §3].) Clearly Sq,n is even. Moreover, Sq,n is real analytic in R
n \qZn
and is locally integrable in Rn.
Let Sn be the function from R
n \ {0} to R defined by
Sn(x) ≡
{ 1
sn
log |x| ∀x ∈ Rn \ {0}, if n = 2 ,
1
(2−n)sn
|x|2−n ∀x ∈ Rn \ {0}, if n > 2 ,
where sn denotes the (n − 1) dimensional measure of ∂Bn. Sn is well-known to be the fundamental solution
of the Laplace operator.
Then the function Sq,n − Sn is analytic in (R
n \ qZn) ∪ {0} (cf. e.g., Ammari and Kang [1, Lemma 2.39,
p. 54], [22, §3].) Then we find convenient to set
Rn ≡ Sq,n − Sn in (R
n \ qZn) ∪ {0} .
We now introduce the periodic simple layer potential. Let α ∈]0, 1[, m ∈ N \ {0}. Let I be a bounded open
subset of Rn of class Cm,α such that clI ⊆ Q. If µ ∈ C0,α(∂I), we set
vq[∂I, µ](x) ≡
∫
∂I
Sq,n(x− y)µ(y) dσy ∀x ∈ R
n .
As is well known, if µ ∈ Cm−1,α(∂I), then the function v+q [∂I, µ] ≡ vq[∂I, µ]|clS[I] belongs to C
m,α
q (clS[I]), and
the function v−q [∂I, µ] ≡ vq[∂I, µ]|clS[I]− belongs to C
m,α
q (clS[I]
−). Similarly, we introduce the periodic double
layer potential. If µ ∈ C0,α(∂I), we set
wq[∂I, µ](x) ≡ −
∫
∂I
(DSq,n(x− y))νI(y)µ(y) dσy ∀x ∈ R
n .
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If µ ∈ Cm,α(∂I), then the restriction wq[∂I, µ]|S[I] can be extended uniquely to an element w
+
q [∂I, µ] of
Cm,αq (clS[I]), and the restrictionwq[∂I, µ]|S[I]− can be extended uniquely to an element w
−
q [∂I, µ] ofC
m,α
q (clS[I]
−),
and we have w±q [∂I, µ] = ±
1
2µ+ wq[∂I, µ] on ∂I. Moreover, if µ ∈ C
0,α(∂I), then we have
wq[∂I, µ](x) = −
n∑
j=1
∂
∂xj
∫
∂I
Sq,n(x− y)(νI(y))jµ(y) dσy , (2.2)
for all x ∈ Rn \ ∂S[I] (cf. e.g., [22, §3].)
As we have done for the periodic layer potentials, we now introduce a periodic analog of the Newtonian
potential. If f ∈ C0q (R
n), then we set
Pq[f ](x) ≡
∫
Q
Sq,n(x − y)f(y) dy ∀x ∈ R
n .
Clearly, Pq[f ] is a q–periodic function on R
n.
In the following Theorem, we collect some elementary properties of the periodic Newtonian potential. A
proof can be effected by splitting Sq,n into the sum of Sn and Rn, and by exploiting the results of Lanza [18]
on the (classical) Newtonian potential in the Roumieu classes and standard properties of integral operators
with real analytic kernels and with no singularity (cf. e.g., [23, §3] and [9].)
Theorem 2.1. The following statements hold.
(i) Let β ∈]0, 1]. Let f ∈ C0,βq (R
n). Then Pq[f ] ∈ C
2
q (R
n) and
∆Pq[f ](x) = f(x)−
1
meas(Q)
∫
Q
f(y) dy ∀x ∈ Rn .
(ii) Let ρ > 0. Then there exists ρ′ ∈]0, ρ] such that Pq[f ] ∈ C
0
q,ω,ρ′ (R
n) for all f ∈ C0q,ω,ρ(R
n) and such that
Pq[·] is linear and continuous from C
0
q,ω,ρ(R
n) to C0q,ω,ρ′ (R
n).
Let m ∈ N \ {0}, α ∈]0, 1[. If Ω is a bounded open subset of Rn of class Cm,α, we find convenient to set
Cm,α(∂Ω)0 ≡
{
φ ∈ Cm,α(∂Ω):
∫
∂Ω
φdσ = 0
}
.
If ρ > 0, we also set
C0q,ω,ρ(R
n)0 ≡
{
f ∈ C0q,ω,ρ(R
n) :
∫
Q
f dx = 0
}
. (2.3)
As the following Proposition shows, a periodic Dirichlet boundary value problem for the Poisson equation in
the perforated domain S[I]− has a unique solution in Cm,αq (clS[I]
−), which can be represented as the sum of a
periodic double layer potential, of a costant, and of a periodic Newtonian potential.
Proposition 2.2. Let m ∈ N \ {0}, α ∈]0, 1[. Let ρ > 0. Let I be a bounded connected open subset of Rn of
class Cm,α such that Rn \ clI is connected and that clI ⊆ Q. Let Γ ∈ Cm,α(∂I). Let f ∈ C0q,ω,ρ(R
n)0. Then
the following boundary value problem

∆u(x) = f(x) ∀x ∈ S[I]− ,
u is q−periodic in clS[I]− ,
u(x) = Γ(x) ∀x ∈ ∂I ,
has a unique solution u ∈ Cm,αq (clS[I]
−). Moreover,
u(x) = w−q [∂I, µ](x) + ξ + Pq[f ](x) ∀x ∈ clS[I]
− ,
where (µ, ξ) is the unique solution in Cm,α(∂I)0 × R of the following integral equation
−
1
2
µ(x) + wq[∂I, µ](x) + ξ = Γ(x) − Pq[f ](x) ∀x ∈ ∂I .
Proof. A proof can be effected by considering the difference u − Pq[f ] and by solving the corresponding
homogeneous problem (cf. [29, §2] and Theorem 2.1.)
5
3 Formulation and analysis of an auxiliary problem
We shall consider the following assumptions for some α ∈]0, 1[ and for some natural m ≥ 1.
Let Ω be a bounded connected open subset of Rn of class Cm,α
such that Rn \ clΩ is connected and that 0 ∈ Ω.
Let p ∈ Q.
(3.1)
If ǫ ∈ R and (3.1) holds, we set
Ωp,ǫ ≡ p+ ǫΩ .
Now let ǫ0 be such that
ǫ0 > 0 and clΩp,ǫ ⊆ Q ∀ǫ ∈]− ǫ0, ǫ0[ . (3.2)
A simple topological argument shows that if (3.1) holds, then S[Ωp,ǫ]
− is connected, for all ǫ ∈] − ǫ0, ǫ0[. We
also note that
νΩp,ǫ(p+ ǫt) = sgn(ǫ)νΩ(t) ∀t ∈ ∂Ω ,
for all ǫ ∈] − ǫ0, ǫ0[\{0}, where sgn(ǫ) = 1 if ǫ > 0, sgn(ǫ) = −1 if ǫ < 0. Let ρ > 0. Then we shall consider
also the following assumptions.
Let g0 ∈ C
m,α(∂Ω). (3.3)
Let f0 ∈ C
0
q,ω,ρ(R
n)0. (3.4)
If (ǫ, g, f) ∈]0, ǫ0[×C
m,α(∂Ω)×C0q,ω,ρ(R
n)0, then we denote by u[ǫ, g, f ] the unique solution in C
m,α
q (clS[Ωp,ǫ]
−)
of problem (1.1), and by u#[ǫ, g, f ] the unique solution in C
m,α
q (clS[Ωp,ǫ]
−) of the following auxiliary boundary
value problem 

∆u(x) = 0 ∀x ∈ S[Ωp,ǫ]
− ,
u is q−periodic in clS[Ωp,ǫ]
− ,
u(x) = g
(
(x− p)/ǫ
)
− Pq[f ](x) ∀x ∈ ∂Ωp,ǫ .
(3.5)
Clearly,
u[ǫ, g, f ] = u#[ǫ, g, f ] + Pq[f ] on clS[Ωp,ǫ]
− . (3.6)
Let f ∈ C0q,ω,ρ(R
n), ǫ ∈]0, ǫ0[. We note that
Pq[f ](x) = Pq[f ]
(
p+ ǫ
(
(x − p)/ǫ
))
∀x ∈ ∂Ωp,ǫ .
Accordingly, the Dirichlet condition in problem (3.5) can be rewritten as
u(x) =
(
g − Pq[f ] ◦ (p+ ǫid∂Ω)
)(
(x− p)/ǫ
)
∀x ∈ ∂Ωp,ǫ ,
where id∂Ω denotes the identity map in ∂Ω. As a consequence, in order to study the dependence of u#[ǫ, g, f ]
upon (ǫ, g, f) around (0, g0, f0), we can exploit the results of [29], concerning the dependence of the solution
of the Dirichlet problem for the Laplace equation upon ǫ and the Dirichlet datum. In order to do so, we need
to study the regularity of the map from ]− ǫ0, ǫ0[×C
0
q,ω,ρ(R
n) to Cm,α(∂Ω) which takes (ǫ, f) to the function
Pq[f ] ◦ (p+ ǫid∂Ω).
Lemma 3.1. Let m ∈ N \ {0}, α ∈]0, 1[. Let ρ > 0. Let (3.1)–(3.4) hold. Let id∂Ω, idclΩ denote the identity
map in ∂Ω and in clΩ, respectively. Then the following statements hold.
(i) The map from ]−ǫ0, ǫ0[×C
0
q,ω,ρ(R
n) to Cm,α(clΩ) which takes (ǫ, f) to Pq[f ]◦(p+ǫidclΩ) is real analytic.
(ii) The map from ]− ǫ0, ǫ0[×C
0
q,ω,ρ(R
n) to Cm,α(∂Ω) which takes (ǫ, f) to Pq[f ]◦ (p+ ǫid∂Ω) is real analytic.
Proof. We first prove statement (i). By Theorem 2.1 (ii), there exists ρ′ ∈]0, ρ] such that the linear map from
C0q,ω,ρ(R
n) to C0ω,ρ′(clQ) which takes f to Pq[f ]|clQ is continuous. As a consequence, by Proposition A.1 of the
Appendix, we immediately deduce that the map from ] − ǫ0, ǫ0[×C
0
q,ω,ρ(R
n) to Cm,α(clΩ) which takes (ǫ, f)
to Pq[f ] ◦ (p + ǫidclΩ) is real analytic. By the continuity of the trace operator from C
m,α(clΩ) to Cm,α(∂Ω)
and statement (i), we deduce the validity of (ii).
Then we have the following Lemma (cf. [29, §3].)
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Lemma 3.2. Let m ∈ N \ {0}, α ∈]0, 1[. Let ρ > 0. Let (3.1)–(3.4) hold. Let τ0 be the unique solution in
Cm−1,α(∂Ω) of the following problem{
− 12τ(t) +
∫
∂Ω
(DSn(t− s))νΩ(t)τ(s) dσs = 0 ∀t ∈ ∂Ω ,∫
∂Ω
τ dσ = 1 .
Then equation
−
1
2
θ(t) −
∫
∂Ω
(DSn(t− s))νΩ(s)θ(s) dσs + ξ = g0(t)− Pq[f0](p) ∀t ∈ ∂Ω ,
which we call the limiting equation, has a unique solution in Cm,α(∂Ω)0 × R, which we denote by (θ˜, ξ˜).
Moreover,
ξ˜ =
∫
∂Ω
g0τ0 dσ − Pq[f0](p) ,
and the function u˜ ∈ Cm,αloc (R
n \ clΩ), defined by
u˜(t) ≡ −
∫
∂Ω
(DSn(t− s))νΩ(s)θ˜(s)dσs ∀t ∈ R
n \ clΩ ,
has a unique continuous extension to Rn \ Ω, which we still denote by u˜, and such an extension is the unique
solution in Cm,αloc (R
n \ Ω) of the following problem

∆u(t) = 0 ∀t ∈ Rn \ clΩ ,
u(t) = g0(t)−
∫
∂Ω
g0τ0 dσ ∀t ∈ ∂Ω ,
limt→∞ u(t) = 0 .
In [29], we have shown that the solutions of a periodic Dirichlet problem for the Laplace equation in S[Ωp,ǫ]
−
depend analytically upon ǫ and upon (a rescaling of) the Dirichlet datum. By Lemma 3.1 (ii), we know that
(a rescaling of) the Dirichlet datum of the auxiliary problem (3.5) depends analytically upon (ǫ, g, f). Then
we deduce that the solution of problem (3.5) depends analytically on (ǫ, g, f), and we have the following.
Proposition 3.3. Let m ∈ N \ {0}, α ∈]0, 1[. Let ρ > 0. Let (3.1)–(3.4) hold. Then there exist ǫ1 ∈]0, ǫ0],
an open neighborhood U of g0 in C
m,α(∂Ω), an open neighborhood V of f0 in C
0
q,ω,ρ(R
n)0, and a real analytic
map (Θ[·, ·, ·],Ξ[·, ·, ·]) from ]− ǫ1, ǫ1[×U × V to C
m,α(∂Ω)0 × R such that
u#[ǫ, g, f ] = w
−
q [∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)] + Ξ[ǫ, g, f ] on clS[Ωp,ǫ]
− ,
for all (ǫ, g, f) ∈]0, ǫ1[×U × V. Moreover, (Θ[0, g0, f0],Ξ[0, g0, f0]) = (θ˜, ξ˜), where θ˜, ξ˜ are as in Lemma 3.2.
Then we have the following representation Theorem for u#[·, ·, ·].
Theorem 3.4. Let m ∈ N\{0}, α ∈]0, 1[. Let ρ > 0. Let (3.1)–(3.4) hold. Let ǫ1, U , V, Ξ be as in Proposition
3.3. Then the following statements hold.
(i) Let V be a bounded open subset of Rn such that clV ⊆ Rn \ (p + qZn). Let r ∈ N. Then there exist
ǫ#,2 ∈]0, ǫ1] and a real analytic map U# from ] − ǫ#,2, ǫ#,2[×U × V to C
r(clV ) such that the following
statements hold.
(j) clV ⊆ S[Ωp,ǫ]
− for all ǫ ∈]− ǫ#,2, ǫ#,2[.
(jj)
u#[ǫ, g, f ](x) = ǫ
n−1U#[ǫ, g, f ](x) + Ξ[ǫ, g, f ] ∀x ∈ clV ,
for all (ǫ, g, f) ∈]0, ǫ#,2[×U × V. Moreover,
U#[0, g0, f0](x) =−
∫
∂Ω
(DSq,n(x− p))νΩ(s)θ˜(s) dσs
=DSq,n(x− p)
∫
∂Ω
νΩ(s)u˜(s) dσs
−DSq,n(x− p)
∫
∂Ω
s
∂u˜
∂νΩ
(s) dσs ∀x ∈ clV ,
where θ˜, u˜ are as in Lemma 3.2.
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(ii) Let V˜ be a bounded open subset of Rn \ clΩ. Then there exist ǫ˜#,2 ∈]0, ǫ1] and a real analytic map U˜#
from ]− ǫ˜#,2, ǫ˜#,2[×U × V to C
m,α(clV˜ ) such that the following statements hold.
(j’) p+ ǫclV˜ ⊆ Q \ Ωp,ǫ for all ǫ ∈]− ǫ˜#,2, ǫ˜#,2[\{0}.
(jj’)
u#[ǫ, g, f ](p+ ǫt) = U˜#[ǫ, g, f ](t) + Ξ[ǫ, g, f ] ∀t ∈ clV˜ ,
for all (ǫ, g, f) ∈]0, ǫ˜#,2[×U × V. Moreover,
U˜#[0, g0, f0](t) = u˜(t) ∀t ∈ clV˜ .
where u˜ is as in Lemma 3.2.
Proof. We follow the argument of [29, §4]. We first consider statement (i). By taking ǫ#,2 ∈]0, ǫ1] small enough,
we can clearly assume that (j) holds. Consider now (jj). By Proposition 3.3, if (ǫ, g, f) ∈]0, ǫ#,2[×U × V , we
have
u#[ǫ, g, f ](x) = −ǫ
n−1
∫
∂Ω
(DSq,n(x− p− ǫs))νΩ(s)Θ[ǫ, g, f ](s) dσs + Ξ[ǫ, g, f ]
∀x ∈ clV .
Thus it is natural to set
U#[ǫ, g, f ](x) ≡ −
∫
∂Ω
(DSq,n(x − p− ǫs))νΩ(s)Θ[ǫ, g, f ](s) dσs ∀x ∈ clV ,
for all (ǫ, g, f) ∈]− ǫ#,2, ǫ#,2[×U×V . Then Proposition 3.3, standard properties of integral operators with real
analytic kernels and with no singularity (cf. e.g., [23, §4]), and classical potential theory (cf. e.g., Miranda [27],
Lanza and Rossi [25, Thm. 3.1]) imply that U# is a real analytic map from ]− ǫ#,2, ǫ#,2[×U × V to C
r(clV )
such that (jj) holds (see also [29, §4].)
Consider now (ii). Let R > 0 be such that (clV˜ ∪ clΩ) ⊆ Bn(0, R). By the continuity of the restriction
operator from Cm,α(clBn(0, R) \ Ω) to C
m,α(clV˜ ), it suffices to prove statement (ii) with V˜ replaced by
Bn(0, R) \ clΩ. By taking ǫ˜#,2 ∈]0, ǫ1] small enough, we can assume that
p+ ǫclBn(0, R) ⊆ Q ∀ǫ ∈]− ǫ˜#,2, ǫ˜#,2[ .
If (ǫ, g, f) ∈]0, ǫ˜#,2[×U × V , a simple computation based on the Theorem of change of variables in integrals
shows that
u#[ǫ, g, f ](p+ ǫt) =−
∫
∂Ω
(DSn(t− s))νΩ(s)Θ[ǫ, g, f ](s) dσs
− ǫn−1
∫
∂Ω
(DRn(ǫ(t− s)))νΩ(s)Θ[ǫ, g, f ](s) dσs + Ξ[ǫ, g, f ]
for all t ∈ clBn(0, R)\clΩ. If (ǫ, g, f) ∈]− ǫ˜#,2, ǫ˜#,2[×U×V , classical potential theory implies that the function
−
∫
∂Ω
(DSn(t− s))νΩ(s)Θ[ǫ, g, f ](s) dσs
of the variable t ∈ clBn(0, R)\clΩ admits an extension to clBn(0, R)\Ω of class C
m,α(clBn(0, R)\Ω), which we
denote by w−[∂Ω,Θ[ǫ, g, f ]]|clBn(0,R)\Ω (cf. e.g., Miranda [27], Lanza and Rossi [25, Thm. 3.1].) Then classical
potential theory and Proposition 3.3 imply that the map from ] − ǫ˜#,2, ǫ˜#,2[×U × V to C
m,α(clBn(0, R) \ Ω)
which takes (ǫ, g, f) to w−[∂Ω,Θ[ǫ, g, f ]]|clBn(0,R)\Ω is real analytic (cf. e.g., Miranda [27], Lanza and Rossi
[25, Thm. 3.1].) Therefore, if we set
U˜#[ǫ, g, f ](t) ≡ w
−[∂Ω,Θ[ǫ, g, f ]]|clBn(0,R)\Ω(t)
− ǫn−1
∫
∂Ω
(DRn(ǫ(t− s)))νΩ(s)Θ[ǫ, g, f ](s) dσs ∀t ∈ clBn(0, R) \ Ω ,
for all (ǫ, g, f) ∈] − ǫ˜#,2, ǫ˜#,2[×U × V , Proposition 3.3, standard properties of integral operators with real
analytic kernels and with no singularity (cf. e.g., [23, §4]), and classical potential theory imply that U˜# is a
real analytic map from ]− ǫ˜#,2, ǫ˜#,2[×U × V to C
m,α(clBn(0, R) \Ω) such that (jj’) holds with V˜ replaced by
Bn(0, R) \ clΩ (see also [29, §4].) Thus the proof is complete.
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Then we analyze the behaviour of the energy integral by means of the following.
Theorem 3.5. Let m ∈ N \ {0}, α ∈]0, 1[. Let (3.1)–(3.4) hold. Let ǫ1, U , V be as in Proposition 3.3. Then
there exist ǫ#,3 ∈]0, ǫ1] and a real analytic map G# from ]− ǫ#,3, ǫ#,3[×U × V to R, such that∫
Q\clΩp,ǫ
|Dxu#[ǫ, g, f ](x)|
2 dx = ǫn−2G#[ǫ, g, f ] ,
for all (ǫ, g, f) ∈]0, ǫ#,3[×U × V. Moreover,
G#[0, g0, f0] =
∫
Rn\clΩ
|Du˜(t)|2 dt ,
where u˜ is as in Lemma 3.2.
Proof. We follow the argument of [29, §4]. Let (ǫ, g, f) ∈]0, ǫ1[×U × V . By the Green Formula and by the
periodicity of u#[ǫ, g, f ](·), we have∫
Q\clΩp,ǫ
|Dxu#[ǫ, g, f ](x)|
2 dx
= −ǫn−1
∫
∂Ω
Dxu#[ǫ, g, f ](p+ ǫt)νΩ(t)u#[ǫ, g, f ](p+ ǫt) dσt
= −ǫn−2
∫
∂Ω
D
(
u#[ǫ, g, f ] ◦ (p+ ǫidn)
)
(t)νΩ(t)
(
g(t)− Pq[f ](p+ ǫt)
)
dσt ,
(3.7)
where idn denotes the identity in R
n. Let R > 0 be such that clΩ ⊆ Bn(0, R). By Proposition 3.3 and Theorem
3.4 (ii), there exist ǫ#,3 ∈]0, ǫ1] and a real analytic map Û# from ]− ǫ#,3, ǫ#,3[×U ×V to C
m,α(clBn(0, R)\Ω),
such that
p+ ǫcl(Bn(0, R) \ clΩ) ⊆ Q \ Ωp,ǫ ∀ǫ ∈]− ǫ#,3, ǫ#,3[\{0} ,
and that
Û#[ǫ, g, f ](t) = u#[ǫ, g, f ] ◦ (p+ ǫidn)(t) ∀t ∈ clBn(0, R) \ Ω ,
for all (ǫ, g, f) ∈]0, ǫ#,3[×U × V , and that
Û#[0, g0, f0](t) = u˜(t) + ξ˜ ∀t ∈ clBn(0, R) \ Ω ,
where u˜, ξ˜ are as in Lemma 3.2. By equality (3.7), we have∫
Q\clΩp,ǫ
|Dxu#[ǫ, g, f ](x)|
2 dx
= −ǫn−2
∫
∂Ω
DtÛ#[ǫ, g, f ](t)νΩ(t)
(
g(t)− Pq[f ](p+ ǫt)
)
dσt ,
for all (ǫ, g, f) ∈]0, ǫ#,3[×U × V . Thus it is natural to set
G#[ǫ, g, f ] ≡ −
∫
∂Ω
DtÛ#[ǫ, g, f ](t)νΩ(t)
(
g(t)− Pq[f ](p+ ǫt)
)
dσt ,
for all (ǫ, g, f) ∈]− ǫ#,3, ǫ#,3[×U ×V . Then by continuity of the partial derivatives from C
m,α(clBn(0, R) \Ω)
to Cm−1,α(clBn(0, R) \ Ω), and by continuity of the trace operator on ∂Ω from C
m−1,α(clBn(0, R) \ Ω) to
Cm−1,α(∂Ω), and by the continuity of the pointwise product in Schauder spaces, and by Lemma 3.1 (ii), and
by classical potential theory, we conclude that G# is a real analytic map from ]− ǫ#,3, ǫ#,3[×U × V to R and
that the Theorem holds (see also [29, §4].)
Finally, we consider the integral of u#[·, ·, ·], and we prove the following.
Theorem 3.6. Let m ∈ N \ {0}, α ∈]0, 1[. Let (3.1)–(3.4) hold. Let ǫ1, U , V be as in Proposition 3.3. Then
there exists a real analytic map J# from ]− ǫ1, ǫ1[×U × V to R, such that∫
Q\clΩp,ǫ
u#[ǫ, g, f ](x) dx = J#[ǫ, g, f ] , (3.8)
for all (ǫ, g, f) ∈]0, ǫ1[×U × V. Moreover,
J#[0, g0, f0] = ξ˜meas(Q) , (3.9)
where ξ˜ is as in Lemma 3.2.
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Proof. Let (ǫ, g, f) ∈]0, ǫ1[×U × V . Clearly,∫
Q\clΩp,ǫ
u#[ǫ, g, f ](x) dx =
∫
Q\clΩp,ǫ
w−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)
]
(x) dx
+ Ξ[ǫ, g, f ]
(
meas(Q)− ǫnmeas(Ω)
)
,
where meas(Q) and meas(Ω) denote the n-dimensional measure of Q and of Ω, respectively. By equality (2.2),
we have
w−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)
]
(x)
= −
n∑
j=1
∂
∂xj
v−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)(νΩp,ǫ(·))j
]
(x) ∀x ∈ clQ \ clΩp,ǫ .
Let j ∈ {1, . . . , n}. By the Divergence Theorem and the periodicity of the periodic simple layer potential, we
have ∫
Q\clΩp,ǫ
∂
∂xj
v−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)(νΩp,ǫ(·))j
]
(x) dx
=
∫
∂Q
v−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)(νΩp,ǫ(·))j
]
(x)(νQ(x))j dσx
−
∫
∂Ωp,ǫ
v−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)(νΩp,ǫ(·))j
]
(x)(νΩp,ǫ(x))j dσx
=− ǫn−1
∫
∂Ω
v−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)(νΩp,ǫ(·))j
]
(p+ ǫt)(νΩ(t))j dσt .
Then we note that
v−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)(νΩp,ǫ(·))j
]
(p+ ǫt)
=ǫn−1
∫
∂Ω
Sn(ǫ(t− s))Θ[ǫ, g, f ](s)(νΩ(s))j dσs
+ ǫn−1
∫
∂Ω
Rn(ǫ(t− s))Θ[ǫ, g, f ](s)(νΩ(s))j dσs ∀t ∈ ∂Ω .
We now observe that if ǫ > 0 and x ∈ Rn \ {0} then we have
Sn(ǫx) = ǫ
2−nSn(x) + δ2,n
1
2π
log ǫ . (3.10)
Moreover, by the Divergence Theorem, it’s immediate to see that∫
∂Ω
(∫
∂Ω
Θ[ǫ, g, f ](s)(νΩ(s))j dσs
)
(νΩ(t))j dσt
=
(∫
∂Ω
Θ[ǫ, g, f ](s)(νΩ(s))j dσs
)(∫
∂Ω
(νΩ(t))j dσt
)
= 0 .
(3.11)
Hence, by equalities (3.10) and (3.11), if (ǫ, g, f) ∈]0, ǫ1[×U × V , we have∫
Q\clΩp,ǫ
w−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)
]
(x) dx
=
n∑
j=1
ǫn
[∫
∂Ω
(∫
∂Ω
Sn(t− s)Θ[ǫ, g, f ](s)(νΩ(s))j dσs
)
(νΩ(t))j dσt
+ ǫn−2
∫
∂Ω
(∫
∂Ω
Rn(ǫ(t− s))Θ[ǫ, g, f ](s)(νΩ(s))j dσs
)
(νΩ(t))j dσt
]
.
Thus we set
J˜#[ǫ, g, f ] ≡
n∑
j=1
[∫
∂Ω
(∫
∂Ω
Sn(t− s)Θ[ǫ, g, f ](s)(νΩ(s))j dσs
)
(νΩ(t))j dσt
+ ǫn−2
∫
∂Ω
(∫
∂Ω
Rn(ǫ(t− s))Θ[ǫ, g, f ](s)(νΩ(s))j dσs
)
(νΩ(t))j dσt
]
,
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for all (ǫ, g, f) ∈]− ǫ1, ǫ1[×U × V . Clearly, if (ǫ, g, f) ∈]0, ǫ1[×U × V , then∫
Q\clΩp,ǫ
w−q
[
∂Ωp,ǫ,Θ[ǫ, g, f ]((· − p)/ǫ)
]
(x) dx = ǫnJ˜#[ǫ, g, f ] .
Then the analyticity of Θ, the continuity of the linear map from Cm−1,α(∂Ω) to Cm,α(∂Ω) which takes f to the
function
∫
∂Ω Sn(t− s)f(s) dσs of the variable t ∈ ∂Ω (cf. e.g., Miranda [27], Lanza and Rossi [25, Thm. 3.1]),
the continuity of the pointwise product in Schauder spaces, standard properties of integral operators with real
analytic kernels and with no singularity (cf. e.g., [23, §4]), and standard calculus in Banach spaces imply that
the map J˜# is real analytic from ]− ǫ1, ǫ1[×U × V to R. Hence, if we set
J#[ǫ, g, f ] ≡ ǫ
nJ˜#[ǫ, g, f ] + Ξ[ǫ, g, f ]
(
meas(Q)− ǫnmeas(Ω)
)
for all (ǫ, g, f) ∈]− ǫ1, ǫ1[×U ×V , we immediately deduce that J# is a real analytic map from ]− ǫ1, ǫ1[×U ×V
to R such that equalities (3.8), (3.9) hold, and thus the proof is complete.
4 A functional analytic representation Theorem for the solution of
problem (1.1)
In this Section, we deduce by the results of Section 3 for u#[·, ·, ·] the corresponding results for u[·, ·, ·]. By
formula (3.6) and by Theorem 3.4, we immediately deduce the following.
Theorem 4.1. Let m ∈ N \ {0}, α ∈]0, 1[. Let ρ > 0. Let (3.1)–(3.4) hold. Let ǫ1, U , V be as in Proposition
3.3. Then the following statements hold.
(i) Let V be a bounded open subset of Rn such that clV ⊆ Rn \ (p + qZn). Let r ∈ N. Then there exist
ǫ2 ∈]0, ǫ1] and a real analytic map U from ]− ǫ2, ǫ2[×U×V to C
r(clV ) such that the following statements
hold.
(j) clV ⊆ S[Ωp,ǫ]
− for all ǫ ∈]− ǫ2, ǫ2[.
(jj)
u[ǫ, g, f ](x) = U [ǫ, g, f ](x) + Pq[f ](x) ∀x ∈ clV ,
for all (ǫ, g, f) ∈]0, ǫ2[×U × V. Moreover,
U [0, g0, f0](x) = ξ˜ ∀x ∈ clV ,
where ξ˜ is as in Lemma 3.2.
(ii) Let V˜ be a bounded open subset of Rn \ clΩ. Then there exist ǫ˜2 ∈]0, ǫ1] and a real analytic map U˜ from
]− ǫ˜2, ǫ˜2[×U × V to C
m,α(clV˜ ) such that the following statements hold.
(j’) p+ ǫclV˜ ⊆ Q \ Ωp,ǫ for all ǫ ∈]− ǫ˜2, ǫ˜2[\{0}.
(jj’)
u[ǫ, g, f ](p+ ǫt) = U˜ [ǫ, g, f ](t) + Pq[f ](p+ ǫt) ∀t ∈ clV˜ ,
for all (ǫ, g, f) ∈]0, ǫ˜2[×U × V. Moreover,
U˜ [0, g0, f0](t) = u˜(t) + ξ˜ ∀t ∈ clV˜ .
where u˜, ξ˜ are as in Lemma 3.2.
As far as the energy integral of the solution is concerned, we have the following.
Theorem 4.2. Let m ∈ N \ {0}, α ∈]0, 1[. Let (3.1)–(3.4) hold. Let ǫ1, U , V be as in Proposition 3.3. Then
there exist ǫ3 ∈]0, ǫ1] and a real analytic map G from ]− ǫ3, ǫ3[×U × V to R, such that∫
Q\clΩp,ǫ
|Dxu[ǫ, g, f ](x)|
2 dx = ǫn−2G[ǫ, g, f ] +
∫
Q
|DxPq[f ](x)|
2 dx , (4.1)
for all (ǫ, g, f) ∈]0, ǫ3[×U × V. Moreover,
G[0, g0, f0] =
∫
Rn\clΩ
|Du˜(t)|2 dt , (4.2)
where u˜ is as in Lemma 3.2.
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Proof. Let ǫ#,3, G# be as in Theorem 3.5. If (ǫ, g, f) ∈]0, ǫ#,3[×U × V , then we have∫
Q\clΩp,ǫ
|Dxu[ǫ, g, f ](x)|
2 dx =
∫
Q\clΩp,ǫ
|Dxu#[ǫ, g, f ](x)|
2 dx
+2
∫
Q\clΩp,ǫ
Dxu#[ǫ, g, f ](x) ·DxPq[f ](x) dx +
∫
Q\clΩp,ǫ
|DxPq[f ](x)|
2 dx .
By the Divergence Theorem, by the harmonicity of u#[ǫ, g, f ], and by the periodicity of u#[ǫ, g, f ] and Pq[f ],
we have
2
∫
Q\clΩp,ǫ
Dxu#[ǫ, g, f ](x) ·DxPq[f ](x) dx
= −2ǫn−1
∫
∂Ω
Pq[f ](p+ ǫt)
(∂u#[ǫ, g, f ]
∂νΩp,ǫ
)
(p+ ǫt) dσt
= −2ǫn−2
∫
∂Ω
Pq[f ](p+ ǫt)D
(
u#[ǫ, g, f ] ◦ (p+ ǫidn)
)
(t)νΩ(t) dσt ,
where idn denotes the identity map in R
n. Let R > 0 be such that clΩ ⊆ Bn(0, R). By Proposition 3.3 and
Theorem 3.4 (ii), there exist ǫ3 ∈]0, ǫ#,3] and a real analytic map Û# from ]−ǫ3, ǫ3[×U×V to C
m,α(clBn(0, R)\
Ω), such that
p+ ǫcl(Bn(0, R) \ clΩ) ⊆ Q \ Ωp,ǫ ∀ǫ ∈]− ǫ3, ǫ3[\{0} ,
and that
Û#[ǫ, g, f ](t) = u#[ǫ, g, f ] ◦ (p+ ǫidn)(t) ∀t ∈ clBn(0, R) \ Ω ,
for all (ǫ, g, f) ∈]0, ǫ3[×U × V , and that
Û#[0, g0, f0](t) = u˜(t) + ξ˜ ∀t ∈ clBn(0, R) \ Ω ,
where u˜, ξ˜ are as in Lemma 3.2. Then we have
2
∫
Q\clΩp,ǫ
Dxu#[ǫ, g, f ](x) ·DxPq[f ](x) dx
= −2ǫn−2
∫
∂Ω
Pq[f ](p+ ǫt)DtÛ#[ǫ, g, f ](t)νΩ(t) dσt .
for all (ǫ, g, f) ∈]0, ǫ3[×U × V . Thus it is natural to set
G1[ǫ, g, f ] ≡ −2
∫
∂Ω
Pq[f ](p+ ǫt)DtÛ#[ǫ, g, f ](t)νΩ(t) dσt ,
for all (ǫ, g, f) ∈] − ǫ3, ǫ3[×U × V . Then by continuity of the partial derivatives from C
m,α(clBn(0, R) \ Ω)
to Cm−1,α(clBn(0, R) \ Ω), and by continuity of the trace operator on ∂Ω from C
m−1,α(clBn(0, R) \ Ω) to
Cm−1,α(∂Ω), and by the continuity of the pointwise product in Schauder spaces, and by Lemma 3.1 (ii), we
conclude that G1[·, ·, ·] is a real analytic map from ] − ǫ3, ǫ3[×U × V to R. Moreover, by classical potential
theory, we have
G1[0, g0, f0] = −2
∫
∂Ω
Pq[f0](p)
∂u˜
∂νΩ
(t) dσt = 0
(see also [29, §4].) If (ǫ, f) ∈]0, ǫ0[×V , then clearly∫
Q\clΩp,ǫ
|DxPq[f ](x)|
2 dx =
∫
Q
|DxPq[f ](x)|
2 dx− ǫn
∫
Ω
|DxPq[f ](p+ ǫt)|
2 dt .
By standard properties of functions in the Roumieu class, there exists ρ′ ∈]0, ρ] such that the map from
C0q,ω,ρ(R
n) to C0q,ω,ρ′(R
n) which takes f to |DxPq[f ](·)|
2 is real analytic (cf. e.g., the proof of Lanza [18,
Prop. 2.25].) By arguing as in the proof of Lemma 3.1, one can show that the map from ] − ǫ0, ǫ0[×V to
Cm,α(clΩ) which takes (ǫ, f) to the function |DxPq[f ](p+ ǫt)|
2 of the variable t ∈ clΩ is real analytic. Then,
by the continuity of the linear operator from Cm,α(clΩ) to R which takes h to
∫
Ω
h(y) dy, we immediately
deduce that the map from ]− ǫ0, ǫ0[×V to R which takes (ǫ, f) to
∫
Ω |DxPq[f ](p+ ǫt)|
2 dt is real analytic. Thus
if we set
G[ǫ, g, f ] ≡ G#[ǫ, g, f ] +G1[ǫ, g, f ]− ǫ
2
∫
Ω
|DxPq[f ](p+ ǫt)|
2 dt
for all (ǫ, g, f) ∈] − ǫ3, ǫ3[×U × V , we deduce that G is a real analytic map from ] − ǫ3, ǫ3[×U × V to R such
that equalities (4.1), (4.2) hold.
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Remark 4.3. We note that the map from C0q,ω,ρ(R
n) to R which takes f to
∫
Q
|DxPq[f ](x)|
2 dx is real analytic.
Finally, we consider the integral of u[·, ·, ·] and we prove the following.
Theorem 4.4. Let m ∈ N \ {0}, α ∈]0, 1[. Let (3.1)–(3.4) hold. Let ǫ1, U , V be as in Proposition 3.3. Then
there exists a real analytic map J from ]− ǫ1, ǫ1[×U × V to R, such that∫
Q\clΩp,ǫ
u[ǫ, g, f ](x) dx = J [ǫ, g, f ] +
∫
Q
Pq[f ](x) dx ,
for all (ǫ, g, f) ∈]0, ǫ1[×U × V. Moreover,
J [0, g0, f0] = ξ˜meas(Q) , (4.3)
where ξ˜ is as in Lemma 3.2.
Proof. Let J# be as in Theorem 3.6. If we set
J [ǫ, g, f ] ≡ J#[ǫ, g, f ]− ǫ
n
∫
Ω
Pq[f ](p+ ǫt) dt
for all (ǫ, g, f) ∈]− ǫ1, ǫ1[×U × V , then clearly∫
Q\clΩp,ǫ
u[ǫ, g, f ](x) dx = J [ǫ, g, f ] +
∫
Q
Pq[f ](x) dx ,
for all (ǫ, g, f) ∈]0, ǫ1[×U ×V . By Lemma 3.1 (i) and by the continuity of the linear operator from C
m,α(clΩ)
to R which takes h to
∫
Ω
h(y) dy, we immediately deduce that J is a real analytic map from ]− ǫ1, ǫ1[×U × V
to R and that (4.3) holds.
Remark 4.5. We note that the map from C0q,ω,ρ(R
n) to R which takes f to
∫
Q
Pq[f ](x) dx is linear and
continuous.
Remark 4.6. Let the assumptions of Proposition 3.3 hold. Let u˜, ξ˜ be as in Lemma 3.2. We observe that if V
is a bounded open subset of Rn such that clV ⊆ Rn \ (p+ qZn) and if r ∈ N, then Theorem 4.1 (i) implies that
lim
(ǫ,g,f)→(0,g0,f0)
u[ǫ, g, f ] = ξ˜ + Pq[f0] in C
r(clV ) ,
for all n ∈ N \ {0, 1}. Similarly, by Theorem 4.4, we have
lim
(ǫ,g,f)→(0,g0,f0)
∫
Q\clΩp,ǫ
u[ǫ, g, f ](x) dx = ξ˜meas(Q) +
∫
Q
Pq[f0](x) dx ,
for all n ∈ N \ {0, 1}. Instead, Theorem 4.2 implies that
lim
(ǫ,g,f)→(0,g0,f0)
∫
Q\clΩp,ǫ
|Dxu[ǫ, g, f ](x)|
2 dx =
∫
Q
|DxPq[f0](x)|
2 dx ,
if n ∈ N \ {0, 1, 2}, whereas
lim
(ǫ,g,f)→(0,g0,f0)
∫
Q\clΩp,ǫ
|Dxu[ǫ, g, f ](x)|
2 dx
=
∫
Rn\clΩ
|Du˜(t)|2 dt+
∫
Q
|DxPq[f0](x)|
2 dx ,
if n = 2.
A A real analyticity result for a composition operator
In this Appendix, we introduce a slight variant of Preciso [31, Prop. 4.2.16, p. 51], Preciso [32, Prop. 1.1,
p. 101] on the real analyticity of a composition operator. See also Lanza [15, Prop. 2.17, Rem. 2.19] and the
slight variant of the argument of Preciso of the proof of Lanza [19, Prop. 9, p. 214].
Proposition A.1. Let m, h, k ∈ N, h, k ≥ 1. Let α ∈]0, 1], ρ > 0. Let Ω, Ω′ be bounded open connected
subsets of Rh, Rk, respectively. Let Ω′ be of class C1. Then the operator T defined by
T [u, v] ≡ u ◦ v
for all (u, v) ∈ C0ω,ρ(clΩ) × C
m,α(clΩ′,Ω) is real analytic from the open subset C0ω,ρ(clΩ) × C
m,α(clΩ′,Ω) of
C0ω,ρ(clΩ)× C
m,α(clΩ′,Rh) to Cm,α(clΩ′).
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